SCARRING ON INVARIANT MANIFOLDS FOR 
PERTURBED QUANTIZED HYPERBOLIC TORAL 
AUTOMORPHISMS 



DUBI KELMER 

Abstract. We exhibit scarring for certain nonlinear ergodic toral 
automorphisms. There are perturbed quantized hyperbohc toral 
automorphisms preserving certain co-isotropic submanifolds. The 
classical dynamics is ergodic, hence in the semiclassical limit al- 
most all eigenstates converge to the volume measure of the torus. 
Nevertheless, we show that for each of the invariant submanifolds, 
there are also eigenstates which localize and converge to the volume 
measure of the corresponding submanifold. 



1. Introduction 

A significant problem in quantum chaos, is to understand the behav- 
ior of eigenstates of classically chaotic systems in the semiclassical limit. 
In particular, one would like to classify the possible measures on phase 
space obtained as a quantum limit (e.g., in terms of the corresponding 
Wigner distributions). 

The main result in this direction is the Shnirel'man theorem (also 
referred to as the Quantum Ergodicity Theorem). This theorem states 
that for classically ergodic systems almost all sequences of eigenstates 
converge to the volume measure on the corresponding energy shell [H 
13 [HI |T7] . Going beyond the Shnirel'man theorem, one would like to 
classify what other possible invariant measures (if any) can be obtained 
as a quantum limit. 

For surfaces of constant negative curvature, the Quantum Unique 
Ergodicity conjecture suggests that the only possible limiting measure 
is the volume measure [14j. This conjecture has been proved for the case 
of compact arithmetic surfaces, if one takes into account the arithmetic 
symmetries of the system [7] . 

A similar situation also occurs for quantized linear symplectic maps 
of the two dimensional torus. Here again, the quantized system ex- 
hibits arithmetic symmetries. After taking these symmetries into ac- 
count, the only possible limiting measure is shown to be the volume 
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measure [12] . On the other hand, when considering eigenstates of the 
propagator without the symmetries, one can construct a thin sequence 
of eigenstates partially localized on periodic orbits [8]. 

One can consider also quantized linear symplectic maps of higher di- 
mensional tori. For such a system, if the classical map leaves no invari- 
ant rational isotropic subspaces, the only limiting measure (after taking 
the arithmetic symmetries into account) is again the volume measure 
on the whole torus [TD]. However, if there are rational isotropic invari- 
ant subspaces, then there are sequences of quantum states localized on 
corresponding co-isotropic invariant manifolds. Furthermore, this phe- 
nomenon is stable under the arithmetic symmetries of the system |10] . 
In these notes we show that this localization is also stable under certain 
nonlinear perturbations, which preserve these co-isotropic manifolds. 

We briefly review the basic setup: Consider a discrete time dynam- 
ical system given by iterating the action of a symplectic linear map 
A e Sp(2(i, Z) on T^"' = M^^/^sd^ Assume that A has no eigenvalues of 
modulus 1, so that the map is Anosov and hence stably ergodic. Fur- 
ther assume, that the action of A on Q^*^ leaves an invariant isotropic 
subspace V C Q^'^ of dimension 1 < do < d. Denote by A = fl Z^'^ 
the integral points of V, then for every point ^ G T^'' which is fixed by 
A the manifold 

X^ = {xe T^^nix) = e„(0, Vn e A} , 

is a closed co-isotropic submanifold that is invariant under the action 
of A. Let (pH be a Hamiltonian map on T^'' which leaves all the mani- 
folds invariant, and look at a perturbation $ = Aocpjj (also leaving 
the X^'s invariant). Furthermore, we can make the perturbation suffi- 
ciently small so that the perturbed map remains ergodic. 

For quantum mechanics on T^'^, the admissible values of Planck's 
constant are inverses of integers h = 1/N, and the space of quantum 
states is then = L^[(Z/A^Z)'^]. The semiclassical limit is achieved 
by taking oo. For / G C°°(T^'^) a smooth observable, we denote 

by Opjy(/) : Ti-N 'Hn its quantization. Any quantum state ip G 
TYtv can then be interpreted as a distribution on T^"' via the Wigner 
distribution WAr(V') sending any smooth / to its expectation value 
(Op^ (/)'?/', '?/'). The quantization of the map is a family of unitary 
operators Un{^) acting on TLn, satisfying the Egorov identity in the 
semiclassical limit. 

A measure /i on T^"^ is called a limiting quantum measure, if there is a 
sequence ip = ijj^^^ G Hn of eigenstates of WAr($), such that as A^ — oo, 
the corresponding Wigner distributions Wat (■?/') converge (weak*) to /x. 
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We can now state the main theorems, estabhshing that the volume 
measures of the manifolds are all limiting quantum measures. 

For each fixed point ^ and any integer divisible by R = det{A — I), 
we define 

^iv,C = e T^n\ Op^(e„)V' = e„(OV', Vn G A} . 

Theorem 1. The spaces 'Hn,£_ are of dimension N'^~'^° and are invari- 
ant under IAm{^) ■ Furthermore, if ipj G Ti-N^,^ is a sequence of states 
such that the Wigner distributions converge to some measure fi on T'^'^, 
then fi is supported on X^. 

The spaces 'Hn,£, are invariant under U]y{^), and hence have a basis 
composed of eigenstates. We want to show that there is a sequence of 
such eigenstates, converging to the volume measure of X^. In fact, we 
show that there are many such sequences. 

Theorem 2. For each N (divisible by R) take an orthonormal basis 
ipi = of Hn^^ composed of eigenstates ofUN{^). Then there are 
subsets Sn C {1, . . . , A^'^~'^°} satisfying limAf^oo jjd-io = 1; such that 
for any sequence {V'i^} with ijy & Sn the corresponding Wigner distri- 
butions WAr('?/'j^), converge to the volume measure dmx^ concentrated 
on X^. 

Remark 1.1. In the case that the fixed point ^ = 0, the requirement 
that N is divisible by R is not necessary, and theorems [T][2] hold for any 
sequence of — > oo. 
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2. Background: Quantum maps on the torus 

The full details for the quantization of the cat map and its pertur- 
bations on can be found in [U [6l [9l [11] . The generalization of these 
procedures for higher dimensions are analogous and are accounted for 
in [21 [3l [ini [13] . We give a short review of these quantization proce- 
dures. 
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2.1. Classical dynamics. We consider a discrete time dynamical sys- 
tem given by the iteration of a symplectic map $ : T^'^ T^'^. More 
precisely, we consider a map $ = A o (j)^ that is a composition of a 
linear symplectic map A G Sp(2(i, Z) acting on T^*^ and a Hamiltonian 
map (i.e, the evaluation at time one of some Hamiltonian flow). 

The action of A G Sp(2rf, Z) on the torus T^'^ = M^d/^sd induced 
by the natural left action of A on the linear space R^*^, that is x = 

( ^ ) G T^'^ 1-^ Ax (this is well defined since A preserves 1?'^). The 

induced action is invertible and area preserving. Furthermore, if A has 
no eigenvalues that are roots of unity then the induced dynamics are 
ergodic and mixing. If in addition there are no eigenvalues of modulus 
1, then the dynamics is of Anosov type and in particular it is stably 
ergodic (c.f. [U [T6j). 

For H G C°^(T^'^) a smooth real valued function on T^"', the Hamil- 
tonian flow 0^ : T^'^ T^'^ satisfies the differential equations 

|(/o0*^) = {i7,/}o0^ = {ff,/o0^}, 

for any smooth / G C°°{T^''), where {f,g} = ^^(§L9E.-dLdM.) the 

Poisson brackets. The map (pn = 4>h evaluation at time t = 1 

of this flow. Consequently, the dynamics induced from the map (pn 
on T^'', is just the evaluation of the corresponding Hamiltonian flow at 
integral times. 

As long as the perturbation is sufficiently small, the perturbed map 
$ remains an Anosov diffeomorphism. In particular, after the pertur- 
bation the dynamics is again Ergodic and mixing. 



2.2. Quantum mechanics on the torus. For doing quantum me- 
chanics on the torus T^"', the admissible values for Plank's constant 
are inverse of integers h = 1/N. The Hilbert space of states is finite 
dimensional of dimension A^'^. It is convenient to think of it as a space 
of functions T-Cn = -L^((Z/A^Z)^), with inner product given by: 

To any classical observable, / G C°°(T^'^), we assign a corresponding 
quantum observable Op^(/) acting on 7i at by an analog of the Weyl 
quantization. We define the operators Op^(/) on the Fourier basis 
en{x) = e{n ■ x), n = (^1,^2) G Z^*^ and then expand by linearity. 
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For Cn € C°°(T^'^), the corresponding quantum observables act on 
if) G H-N via: 

(2.1) Op^(e„)^(Q) = e(^)e(^)^(Q + n,). 

For any smooth classical observable / G C°°(T^'^) with Fourier expan- 
sion f{x) = X]„.ez2d f{n)en{x) we thus define 

Op;v(/)= E /HOp;v(en). 

The main properties of the elementary observables Op^(en) are sum- 
marized in the following proposition. 

Proposition 2.1. For any n,m E Z^'^ 

(1) The operator Op^(e„) is a unitary operator. 

(2) The composition 

Op^(e„) Opjv(e„) = e( ^^^^^ ) Op^(e„+^), 

where uj{m,n) = ^(^^j ^* standard symplectic in- 

ner product. 

(3) The operator Op;v(e„) is only dependent on n (mod 2N). 

These properties are easily derived from the action given in (12. ip . 
Furthermore, they imply that Op^(/)* = Op;\r(/), and in particular 
for real valued functions these operators are Hermitian. 

From the commutation relations of the elementary operators and the 
fast decay of the Fourier coefficients one can obtain that as — >■ cx), 

(2.2) ||0p^(/) OvM - OvnU9)\\ = 0/,,(^) 

2.3. Quantum dynamics. For (pn '■ T^'^ T^*^ a Hamiltonian map 
as in section 12.11 the corresponding quantum propagator is defined 

This is a unitary operator (because Opjv(-f^) is Hermitian), and it sat- 
isfies the Erogov identity in the semi-classical limit [3j. That is, for any 
smooth observable / G C°°(T^'^) 

\\UN{(t>Hr Op^(/)WAr(0H) - Op^(/ O 0^)11 = O^(^) 

(see appendix |A] for more details). 
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For A G Sp(2d, Z) which satisfies certain parity conditions, one 
can assign unitary operators Uiy{A), acting on Hn satisfying "Exact 
Egorov" [21 [TO]. That is, for all observables / G C°°{T^'^) 

Un^AY Opjv(/)W^(A) = Op^(/ o A). 

The quantization of the perturbed map (j) = Aocp^ is the composition 
of the quantum propagators for A and (pn respectively, 

Un{^)=Un{A)Un{(Ph). 

Consequently, this is again a unitary operator satisfying the Egorov 
identity in the semi-classical limit 

Op^(/)W^(<l>) - Op^(/ o 0)11 = Ofi^) 

2.4. Limiting measures. One way to study the eigenstates of the 
propagator is through their corresponding Wigner distributions. The 
Wigner distribution WNii^) (of a quantum states ip G Hn), is a dis- 
tributions on the phase space T^'^, that assigns to a smooth observable 
its expectation value 

W;v(V')(/) = (Op^W,^). 

We call a measure /i on T^*^ a limiting quantum measure, if there ex- 
ists a sequence ipj G of eigenstates of Uj\f.{^), such that the corre- 
sponding Wigner distributions yVNjii'j) —* 1^ converge to this measure 
when Nj oo. 

3. Dynamics on invariant manifolds 

3.1. Invariant manifolds. Let A G Sp(2(i, Z) be a symplectic ma- 
trix with integer coefficients, and assume that A has no eigenvalues 
of modulus 1. The natural left action of A on M^*^ {x ^ Ax) pre- 
serves the lattice Z^'^, and induce discrete time dynamics on the torus 
j2d ^ ^2d^^2d ^Yiich is invertible area preserving and stably ergodic 
and mixing. 

There is also a natural right action of A on the rational vector space 
Q^'* (n nA). For any rational subspace V C Q^'^ that is preserved 
by A there is a corresponding closed connected subgroup Xq C T^*^ 
invariant under the induced dynamics. Let A = V (1 Tl?'^ be the lattice 
obtained by taking the integral points of V, then the corresponding 
subgroup is 

Xo = {x G T2^|e„(x) = 1, Vn G A} 
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Let dimV^ = do, then X = T ° is a subtorus of codimension do. 
Furthermore, for any fixed point of the dynamics ^ G T^'^ (i.e., AC, = ^ 
(mod 1)), the manifold 

X^ = C + Xo = {xe T2'^|e„(x) = e„(0, Vn G A} 

is also a connected closed sub-manifold that is preserved by the induced 
dynamics. We say that these manifolds are co-isotropic, when the 
invariant subspace V is isotropic with respect to the symplectic form. 

3.2. Stable ergodicity. It is a well known result of Anosov [I], that 
hyperbolic automorphisms of the torus are stably ergodic. We now 
show that the restriction of A to X^ can be identified with a hyperbolic 
automorphisms of T^'^"'^" implying the following: 

Proposition 3.1. The restriction of A to X^ preserves the volume 
measure dmx^ concentrated on X^, and is stably ergodic (with respect 
to dnixi^)- 

Proof. Since the map on X^ is just shifting by C, of the map on Xq, it is 
sufficient to show this for Xq. Let W = [x e R^'^|?t, ■ x = 0, Wn eV], 
then W is invariant under the left action of A. Let Q = W (1 1?'^ be 
the lattice of integral points, then is of rank 2d — do (because V 
is rational). The natural injection W * M^*^ induces an imbedding 
Wj^ ^ T^'^ with image Xq. Therefore, Xq = W/n and it is sufficient 
to prove the proposition for the action of A on W/Q. 

Fix an integral basis ni, . . . , n2d-do for VL, and let B G GL(2c/ — rfo, 
be the matrix corresponding to the action of A on Vt. By taking coor- 
dinates in the integral basis we can identify W/Vt = ]R2d-doy'^2d-do _ 
Y'id-do ^ and under this identification the action on T^'^"'^" is the auto- 
morphism induced by the natural action of B on M^'^"'^". This map is 
hyperbolic (since eigenvalues of B are also eigenvalues of A) and area 
preserving (since det(i?) = ±1) and hence stably ergodic. □ 

3.3. Perturbation preserving invariant manifolds. We now con- 
sider the perturbed map $ = A o (j)^. We require that the manifolds 
X^ remain invariant under by the perturbed map. For that reason, 
we choose our Hamiltonian H such that the functions e„(x), n G A 
defining the manifolds X^ are constants of motion for the Hamilton- 
ian fiow. This is equivalent to requiring that the Poisson brackets 
{if, e„} = for all e„, n G A. In terms of the Fourier coefficients 
this is equivalent to the requirement that H{m) = unless m G A"*- = 
[m G Z'^'^\uj{n,m) = 0, Vn G A}. 
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By proposition [3lT] (replacing the Hamiltonian H by tH if necessary) 
we can insure that the perturbed map and its restriction to the X^'s 
remains ergodic. 



4. Scarring on invariant manifolds 

Let A G Sp(2(i, Z) be as in the previous section, let V C Q^'^ 
be an invariant isotropic rational subspace of dimension 1 < < 
d and let A = 1/ n I?'^. For any fixed point ^ G T^"^ let = 
{x G T^'*|e„(x) = e„(^), Vn G A} be the corresponding (co-isotropic) 
invariant manifold as in section 13.11 Let $ = A o ip^j be the perturbed 
map leaving the manifolds invariant as in section [373| and let IAn{^) 
be its quantization. 

4.1. Proof of Theorem [1], In order to prove theorem [T|, we first show 
that the spaces 'HN,e, = {i'l Opjv(en)'?/' = e„(^)'?/', Vn G A} are of dimen- 
sion N'^~'^° and are preserved by Ujs!{4>). Then we show the localization 
of states from TLn,^- 

Consider the family of operators An = {^VN{^n)\n G A}. This is 
a commutative family of unitary operators (recall A is isotropic). We 
can thus decompose the Hilbert space TIn into joint eigenspaces 

A/NA 

where the sum is over characters of A/NA = An- 

Lemma 4.1. Any character X of A of order N, is of the form X{n) = 

/u>(n,m)\ r _ '772d 

e[ ) for some m G £, . 

Proof. Notice, that if we have an integral basis Ui i = 1, . . .Udg for A 
and rrii G Z^"^, such that uj{ni,mj) = 6ij then we are done. Indeed, 
since we assume the character is of order N, for the basis elements 
A(nj) = e(^) for some ki G Z. Then for m = kirrii G Z^*^ 

Kn) = X{2_^aini) = e( — ^ ) = e( — - — ). 

i 

We now proceed by induction on dimy = rank(A) and construct 
such an integral basis. If dim V = 1 then choose any primitive vector 
n G A (i.e., gcd(n) = 1). Then there is m G Z^'^ such that uj{n,m) = 
gcd(n) = 1. 

Now for dim(V^) = I > 1 assume that ni, . . . ni_i are an integral basis 
with nil, . . .mi_i ^ ^^'^ such that uj{ni,mj) = Sij. Take an element 
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hi E A linearly independent on ni, . . . n;_i, and let 

i=l 

Then ni, . . .ni are still linearly independent and uj{ni, rrii) = for i < /. 
We can assume that gcdn; = 1 (otherwise divide by any common 
factors), so there is rfii e Z^'^ such that uj{ni,fhi) — 1. Take 

z-i 

mi^rhi- y^^uj{hi,mi)mi 

1=1 

so indeed u!{mi,nj) = Sij for any 1 < i, j < I. 

□ 

Corollary 4.2. The dimension of all eigenspaces satisfy 

dimUx = AT'^"* 

Proof. Any character of A/NA is of the form \m{n) = e{ ^^™^'^^^ ) for 
some m G Z^'^. Hence, the operator Opj^{e„i) sends the space 7i\Q into 
the space with inverse map Op^(e_m). Hence for all characters 
dim Hx — dim Hxo and since there are characters then 

N'^ = dimT^jv = Yl dimT^A = N'^° dimT^^o 

A 

concluding the proof. □ 

Let ^ G T^*^ be a fixed point for A and consider the character of A 
given by A^(n) = e„(,^). For R = det{A — I) we know that G Z^'^. 
Therefore, if A^ is divisible by R then the character is a character of 
A/ NX and the space Hn^^ = Hx^, we thus showed 

Corollary 4.3. dimT^Ar,^ = A^-^-*. 

Proposition 4.4. The spaces Hn,^ are preserved by Un{^)- 

Proof. Recall, that the quantum propagator W7v($) = Uiq{A)UN{(j)H) is 
the composition of Wjv(^) and the quantization of the hamiltonian flow 
Un{(Ph) = e^'^^^Op^W. We will show that both Wjv and Un{A) 
preserve H-n,^- 

The quantum observable Op^(if) = '^rn^p^^ H{rn)0\)^{em)) and 
hence commutes with Opjv(en) for all n G A. Consequently, IAi^{(I)h) 
also commutes with Opjv(e„) for all n G A, and preserves the eigenspace 
space 'Hn,s,- 

Next, for any n G A and any eTCn,^ we have 
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Because A is invariant, nA G A as well so Op^(e„A)V' = ^nAiO'^- 
Because ^ is a fixed point of A then e„A(0 = Cn(^0 = Cn(0 that 

Opj^{en)UN{A)^ = e„(OWjv(^)^, 
and the space T^at,^ is also preserved by Uiy{A). □ 

Let / G C°°{T'^'^) and consider the restriction of / to the manifold 
X^. For any a; G and any m G A we have em{x) = 6^(0? can 
thus write 

fix) = ^f{^)(^m{x) = ^/*(n)e„(x), 

where /"(n) = XlmeA /('^ + m)em(0 = /(a;)e_„(x)(imxj, and S C 
Z^"^ is any set of representatives for Z^'^/A. 

Lemma 4.5. There is a choice of representatives S C Z^'* /or Z^'^/A 
Sfic/i i/iai /or any n G S and m G A we /iave |a;(n, m)| ^ + m||^ 

Proof. Let f/ C Q^'^ be the orthogonal complement of V (for the stan- 
dard inner product). Then there is an integer Z) G Z (depending on V) 
such that the images of the projection maps Pv{Dl?'^) and Pu[Dl?'^) 
lie inside Z^*^. 

Denote by [D]'^'^ = {1, . . . , D}'^'^, and think of it as a set of repre- 
sentatives for /Dl?'^. Then our set of representatives for Z^^'/A is 
taken to be 

S = [Pu{ni - r) + r\m G Z^'^.r G [Df'^ with r = m (mod D)] 

This is indeed a set of representatives, since any k G 1?'^ can be written 
uniquely as = Pi/(A;— r)+P^(/i;— r)+r with r G [-D]^*^, r = k (mod D) 
and Pv{k - r) G A. 

Now for any n G S and mGAletr = ?T, + m (mod in [D]'^'^. 
Then m = Pv{n + m — r) and = Pc7(n + m — r) + r, hence 

\uj{n, m)\ < \\n\\ \\m\\ ^ ||n + m — r||^ ^ ||?2 + m||^. 

□ 

The following proposition concludes the proof of theorem [H 
Proposition 4.6. Let ipj G "Hnj,^ be a sequence of states such that the 

Wigner distributions W^ji^'j) 1^ converge weak* to some measure fi 
on T^*^, then fi is supported on X^. 

Proof. Let fi be such a limiting measure. In order to show supp/i C X^ 
it is sufficient to show that any smooth function / vanishing on X^, 
satisfies /x(/) = / fdfj, = 0. 
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Fix a smooth function / vanishing on X^. Let S be a set of repre- 
sentatives for Z^'^/ A as in lemma 14.51 Then, for any n G S 

f[n) = ^ f{n + m)em{0 = / f{x)e-n{x)dmx^ = 0. 
For any fixed N = Nj, and ip = ipj E 'Hn,^ 

neS meA 

Replace 

{0^N{(^n+m)i','4^) = e2Ar(u;(n,m))e„(0(Op^(e„)^,^) 

to get 

(OpAr(/)^, ij) = ^(Op^r(e„)^/', ijj) ^ f{n + m)emiOe2Ni^in, m)). 

nGS meA 

Since we know /^(n) = J2meA /(^ + "^)6m(0 = we can subtract it to 
get 

(OPiv(/)^,^) = (OPiv(e„)V',V')/('^ + "^)em(0(e27v(^(^,m))-l) 

neS,meA 

We can thus bound 

(Op^(/)V^,^) <J2Y1 \f{n + m)\\{e2Niujin,m)) - 1)| 

neS meA 

and since \e2N{oo{n,m)) — 1)| ^ \i^{rhm)\ ^ \\n+m\\ 

KOp^W,V^)l«^ E l/Mlll^f «/^ 

and indeed 

M/)= lim (Op^,W„^,) = 

□ 

4.2. Proof of theorem [21 The proof of theorem [2] follows the lines of 
the proof of the Quantum Ergodicity Theorem [HIIT]. The first ingre- 
dient is showing that on average the sates in are evenly distributed 
in (proposition 14. 7p . Then we use the ergodicity of the restricted 
map on to bound the variance (theorem [3]) . Theorem [2] is then 
derived by a standard diagonalization argument. 
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Proposition 4.7. For any integer N divisible by R, let {ilJjjjLi " be 
an orthonormal basis for Ti-N,^ C Ti.N- For any smooth f e C°°(T^'^) 
as N ^ oo the average 

E(OPiv(/)^., — fdm^r 

Proof. It is sufficient to sliow tliis liolds for f = e^. for all n e Z^*^. Note 
that 

' en(0 ^ e A 



e„(imx, - I Q otherwise " 

Now for n G A by definition 0'p^{en)ipj = Gn{C)'4'j so this is trivial. 
For n ^ K there are two possible cases, either there is m e A such that 
a;(m, n) 7^ or there is not. 

In the case that such m e A exists, since OpjY(e^)'0j = e^(^)'0j we 
can write 

j 3 

i 

= e(^^^)5](0p^(e„)^,,^,). 

We can assume large enough so that e{ ^^'^^^ ) ^ 1 implying that 

dwfe^E,(Opjv(e„)^„V'j) = 0. 

If on the other hand uj{m,n) = for all m G A, then the opera- 
tor Op^(e„) commutes with all the operators Op^(em), m G A and 
hence preserves the space Hn,^- We can thus look at the restriction of 
OpAr(en) to nN,^ and the sum Ej(OPiv(en)V'j, V'j) = Tr(0Piv(en)|H^,5) 
is the trace of this restricted operator. Now, fix /c G such that 
uj{n,k) 7^ but uj{m,k) = for any m G A. Such a vector exists 
since we can take k to be any vector with uj{n, k) and then define 
k = k — '^uj{k,mi)mi for some integral basis rui of A. The operator 
Op^(efc) also preserves the space 'Hn,(, and so 

Tr(Op^( 

^n)\HN,e) ~ Tr(Op^(e_fc) Opjv(en) OpjY(efc)|Hiv,£) 



,u!(n, k).^ ,^ , , , 
= e(^^)^(OPiv(en)|H.J 



Again we can assume that N is sufficiently large so that ei ^^^jf^ ^ 7^ 1, 
implying that Tr(Op^(e„) \u^^^ = 0. □ 
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For any (divisible by R) we fix an orthonormal basis of eigenstates 
ipi G Hn^^, i = 1, • • . , A^'^"^°. For any smootli function / e C°°{T^'^) 
we define tlie quantum variance (in tliis basis) as 

Theorem 3. For f G C°^(T'^'^), limN^^aKf) = 0. 

Proof. Witli out loss of generality we can assume that fdnix^ = 0. 
For T > denote by = Y^'t=o / ° 0* the time average of /. For 
fixed t we have 

||WAr($)-* Op^(/)W^($)* - Op^(/ o 0*) II = 0;,t(^) 



Hence for any eigenstate ip of Un{^) we have 

(4.1) KOp^(r)v^,V') - {OpAf)^,^)\ = OfA^)- 

Using Cauchy-Schwarz inequality 
we get 

Now, the estimate for Op^(/^)* Op^(/^) and Op^(|/^p) implies 

(4.3) Y.(OpMl* OpMl^,, = 

-diE(Op.(l/T)^.^.) + o,,(l). 

From the estimates given in (14. II) . (14 ■2p and (14.31) we get 

and in the limit N ^ oo 

(4.4) limsupa^(/)< / \f\^dmx,= 

This is true for any T > 0. However, since the map $ = Aocj)^ induces 
ergodic dynamics on the manyfold X^, then in the limit T — > cxd we 
have 



T||2 
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and since the left hand side of (14. 4p has no dependence on T indeed 

hmAr^ooO-^(/) = □ 

We now give the proof of theorem [2] from theorem [31 

Proof. For each n e Z^'^, and N e N denote by a^(n) = a^(e„). 

Then theorem [3] imphes that aN{n 
Chebyshev's inequahty to get that 



Then theorem [3] imphes that <JN{n) 0. Now for fixed n ^ A use 



For any integer M > define the set 

MM) = \i\3n ^ A, ||n|| < M, | W7v(V^i)(e„)| > v^M^ 



For fixed M, we have that '^'^^i^^ < X]||n||<M ^^(^) ^^"^ t'^^ hmit 
hmAT^oo '^'^j^do''^'' = 0. Consequently, there is a sequence — > oo such 
that lim7v->oo **'^^d'o^'' = 0, and the sets 



Sn = {1,...,N'''}-Jn{M^ 



N 



are of density one in {!,..., A^*^"}. 

Now let / e C°°(T^'') be a smooth function. Fix e > and let M be 
sufficiently large so that J2\\n\\>M 1/(^)1 — ^- sufficiently large 

so that Mn > M for N > Nq. Then, for any ipi we have that 



\y^Nm{f)- 



[ fdmx,\< V WNiipi){en) + e. 

JXf ^. II II ^„ 



n.^A,||n||<Af 



But for i E Sn and ||r2|| < M < Mjy by definition WAr(^/'i)(e„) < 
A/o"Ar(n). We thus get that 



)(/)-/ fdmx,\< J2 l/Wlv^M^ + e. 

JXf „,ii 11,,^ 



07^||n||<M 



Taking — > oo we get 

limsup |yVAr(V'i)(/) - / fdmx^\<e, 



implying that indeed yVN{4'i){f) '^-^^ fdrrix^- 



□ 
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Appendix A. Proof of Egorov 

The (semi classical) Egorov theorem, is a well known result for quan- 
tization of Hamiltonian flows on M^"'. For Hamiltonian flows on T^'^ the 
proof is analogous and is described in [3]. For the sake of completeness, 
we give a short proof along the same lines. 

Recall, that given a real valued smooth function g G T^^, the as- 
sociated Hamiltonian flow, : T^*^ T'^'^ satisfies the differential 
equations: 

(A.i) |(/o0) = {^7,/o0*}, yfeC^iT'"), 

and note that the quantum propagator lAN{<p^g) = e^'^*^°P^*^^^* corre- 
sponding to this flow satisfies 

(A.2) ^^^^ = 2mNOvN{9)UN{(t^\) = 27r^AW^(0*) OpM- 

The main ingredient in the proof, is the connection between the 
Poisson brackets and quantum commutators. 

Lemma A.I. For any f e ^^(T^'^) let Cf = \\{-AY+^f\\^. Then, 
there is a constant C , such that for any f,gE C°°(T^'^), 

i|Op;v({^?,/}) - [2mN0pM,0pM)]\\ < 

Proof. For any n,m E 7?'^, 

OpAr({e„,e„}) - [27riAOp^(e„),Op^(e^)] = 

= [(27r)2cu(m,n) - 27r2Asin(^^^^^^^l^)] 0^^{en+m). 



Hence, 

l|OPAr({em,e„}) - [27rzAOp^(e„), Op^(em)]|| < 



A 3 II l|3 II I 

Atx \\m\\ \\n\ 
A2 



Decomposing g and / into Fourier series, noting that [/(jt-)] and \g{n)\ 
are bounded by ^2-K\MYd+i (2;nRP^' ^^^^ 

Op;v({^?,/}) - [2vrzAOp^((7),Op^(/)] < C^, 

withc = ie„(2^4f^I'- ° 

For / G C°°(T^'^) smooth, its composition /o0^ with the Hamiltonian 
flow is also smooth. We can thus consider 
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and let 

Cf,g{t) = C -Cg- sup (c/o0»). 

0<s<t 

Theorem 4 (Egorov). For all f,g E C°°(T^'^) we have 



ATS • 

Proof. Denote by B{s) = Uj\f{(j)g) Op^(/ o ^pW^f Since conjugat- 
ing by a unitary matrix doesn't change the norm, it is equivalent to 
bound the norm of 

||Wjv(0* ) Op^(/ o )* - Op^(/) II = \\Bit) - BiO) II . 

Differentiate B{s), recalling flA.2p and flA.f p to get 

d(Op^,(/o0^)) 
B'{s) = -[2mN OpM, B{s)]+U^{cj,ir ^^^^ 

= W^(0p*(Op^({(7, / o 0^}) - [27rtN Op^ig), Op^(/ o 0p])W;v(0p. 
Consequently, for any < s < t we can bound (using lemma lA.ip 
||5'(s)|| < implying that 



Af2 ' 

\B{t)-Bm 



t 

B'{s)ds 







< 



teat) 



iV2 ' 

as claimed. □ 
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